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Modal-Space Control of Large Flexible Spacecraft
Possessing Ignorable Coordinates

L, Meirovitch * and H. Oz t
Virginia Polytechnic Institute and State University, Blacksburg, Va.

One problem peculiar to spacecraft in free space is that of ignorable coordinates, which are present when the
spacecraft has no natural ability of preventing rigid-body motions. Ignorable coordinates can be eliminated
from the problem formulation by introducing a reduced state vector. However, this results in having the
ignorable coordinates uncontrolled. This paper solves this problem by introducing a dual-level control. The first-
level controls are designed to control the ignorable coordinates and they lead to a positive definite "augmented
system" and the second-level controls are designed for the final control of the complete state vector, including
the ignorable coordinates. The second-level controls are designed in modal space and can be based on several
types of control laws. In particular, proportional control providing artificial viscous damping, proportional
optimal control, and nonlinear on-off control are discussed. A numerical example, illustrating all of these
control laws, is presented.

I. Introduction

THE control of large flexible spacecraft has received a
great deal of attention recently.1 Strictly speaking, a

flexible spacecraft represents a distributed parameter system.
Practical considerations, however, dictate that the spacecraft
be represented by a discrete system. References 2-13 are
concerned with various aspects of the control of such discrete
systems. For good simulation of a flexible spacecraft, the
discretized model must be of relatively high order. References
9-13 present algorithms particularly suited to the control of
high-order discrete systems associated with flexible
spacecraft. Assessments of the methods presented in Refs. 1-
13, as well as in other related investigations, are given in Refs.
14 and 15.

The control of large flexible spacecraft can be divided into
three different but intimately related tasks. The first is the
positional control, which can be characterized as the effort to
maintain the spacecraft in the desired orbit. The second task is
the attitude control, which is the effort to preserve a certain
orientation of the spacecraft in space. The third task is the
vibration control of the elastic members, which is frequently
referred to as configuration or shape control. The three types
of motion are coupled so that they must be treated
simultaneously. The orbital and attitude motions are
described by coordinates depending on time alone. On the
other hand, the elastic vibrations are generally described by
coordinates depending on time and space. Hence, the system
equations of motions are hybrid, as they include both or-
dinary and partial differential equations. Hybrid sets of
equations of the type associated with spacecraft generally do
not admit closed-form solution, so that they are customarily
transformed into infinite sets of ordinary differential
equations by a procedure known as spatial discretization. For
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practical reasons, these infinite sets are truncated by retaining
only a finite set of differential equations.16 It should be clear,
however, that the finite-dimensional discretized system
represents only an approximation of the actual hybrid system.

A class of approaches to the control of discrete systems is
generally referred to as modal control. As pointed out in Ref.
14, however, there are fundamental differences among modal
control approaches. The approach advocated by these
authors9'13 was developed especially for high-order dynamical
systems. It is based on a transformation from the actual space
to the "modal space." The control laws are designed in the
modal space, which permits independent control of each
individual mode, so that the response of one mode does not
affect the response of any other mode.

Modal-space control has been developed by these authors
for the purpose of controlling flexible spacecraft exhibiting
gyroscopic behavior, but the idea is not restricted to
gyroscopic systems. Indeed, this paper presents an adaptation
of the method to nongyroscopic systems. Because
nongyroscopic and gyroscopic systems possess different
dynamic characteristics, although the general idea of in-
dependent control in the modal space remains the same, the
computational details are different.

The tasks of positional, attitude, and shape control are
frequently treated separately. In fact, some of the tasks are
often ignored entirely. Yet, the three tasks are coupled
dynamically and must be treated simultaneously, as forces
designed to control one type of motion are likely to excite
other types of motion. In this paper, the three tasks are
treated simultaneously.

One problem peculiar to spacecraft in free space is that of
ignorable coordinates, which are present when the spacecraft
has no natural ability of preventing rigid-body motions. This
paper solves this problem by introducing a dual-level control.
The first-level controls are designed to control the ignorable
coordinates and they lead to a positive definite "augmented
system." The second-level controls are designed for the final
control of the complete state vector, including the ignorable
coordinates, and any control spillover into the elastic coor-
dinates resulting from the first-level controls. The modal-
space control is implemented by using several types of control
laws. In particular, proportional control providing artificial
viscous damping, proportional optimal control, and
nonlinear on-off control are discussed. A numerical example
illustrating all of the preceding control laws is presented.
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II. Lagrange's Equations of Motion
Let us consider a nongyroscopic flexible spacecraft and

define a set of spacecraft axes xcyczc with the origin at the
spacecraft mass center C when the spacecraft is in the un-
deformed state. For convenience, we shall choose xcyczc as
the principal axes of the undeformed spacecraft. Assuming
small angular motions of the reference frame xcyczc> the
displacement vector of a nominal point in the spacecraft
relative to an inertial space can be written in the form

u(P,t)=uc(t)-rt(t)+uE(P,t) (1)

where uc (t) is the displacement vector of the center C, B(t) is
the angular displacement vector of the frame xcyczc>
uE(P,t) is the elastic displacement of the nominal point P
relative to the frame, and f is a skew symmetric matrix
representing the matrix counterpart of the vector operation
rx, in which r is the position vector of the nominal point P
relative to the spacecraft axes. The absolute velocity vector is
simply

u(P,t)=uc(t)-f6(t)+uE(P,t) (2)

where dots represent derivatives with respect to time.
Using Eq. (2), the system kinetic energy is obtained in the

general form

T='/2\ uTudm=1/2\ [uc-
Jm Jm

fudm (3)

where Mc = diag[w m m] is a mass matrix, in which
m = \mdm is the total mass of the spacecraft, and
J=lmrTfdm = diag[A B C] is the mass moment of inertia
matrix of the spacecraft in undeformed state about the
spacecraft axes. We note that Jmfdw = 0 by virtue of the fact
that point Cis the mass center.

The potential energy is due to elasticity alone and can be
written in the symbolic form

(4)

where [UE,UE] is an energy inner product. 16

Letting f ( P , t ) be a distributed force and m(P,t) a
distributed torque, which include distributed control forces
and torques, respectively, the virtual work is

= f
J

(5)

where

Qe=\ (ff+m)dD QuE =/+ ¥2 ( V x ) Tm
JD (6)

are generalized forces in which D is the domain of extension
of the spacecraft andfZ>£ that of the elastic member .

Using Eqs. (3-5), we obtain a hybrid set of Lagrange's
equations of motion, as the equations for uc and 0 are or-
dinary differential equations and that for UE is a partial
differential equation. For brevity, we shall not write them
explicitly, particularly since they do not lend themselves to
closed-form solution.

It is common practice to discretize the partial differential
equation for UE by introducing the transformation

(7)

where $(P) is a 3x/z matrix of admissible functions, and
f (0 is an rt-vector of generalized elastic displacements. In-
troducing Eq. (7) into Eqs. (3-5), the discretized Lagrange's
equations can be shown to be

(8a)

where

M = (
JmE

HE =

r = [
JDE

mE
KE =[*,*]

Equations (8) can be arranged in the matrix form

where

Af=

M 0

PT
E HI ME _

0 0 0

0 0 0

0 0 Ê J

(8b)

(9)

00)

(11)

(12a,b)

are coefficient matrices, which can be recognized as the mass
and stiffness matrices, respectively, and q=[u£ BT fT]T is
the (6-I-n)-dimensional configuration vector. We note that
the coordinates uc and 0 do not appear explicitly in the
equations of motion, so that they can be regarded as
ignprable. The mass matrix in Eqs. (12) is positive definite by
definition, and the stiffness matrix is positive semidefinite.

HI. State Equations
Equation (11) describe the motion of the system in the

configuration space. Because the system is nongyroscopic, the
equations can be used to control the system in the con-
figuration space. However, much of the control theory works
with the state space rather than the configuration space. This
is particularly true of optimal control. In view of this, we wish
to transform the Lagrange equations to state equations.

The state of the system and the associated force vector are
defined as jc= [ q T \ q T ] T and X= [QT\QT] r, respectively.
Moreover, introducing the coefficient matrices

\f'\ 0
/= I"—h—-

0 ! K

0 ! K

-K\ 0
(13)

where / is symmetric and G is skew symmetric, the state
equations can be written in the form

Ix+Gx=X (14)

Equation (14) has the same form as that of the gyroscopic
system treated in Ref. 17, with the notable exception that the
matrix /is not positive definite, but only positive semidefinite.
Indeed, from Eq. (12b), we conclude that the equations have
six zero rows corresponding to the ignorable coordinates
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uc,0. Hence, while the displacement rates iic and 0 are
controllable, the displacements uc and 0 are uncontrollable.
In the following we propose a method that permits the control
of the complete state of the system, including the ignorable
coordinates.

Let us return to Lagrange's equations, Eqs. (8a), and write
the vectors QuC and Qe as

e = Qe1+Qe2 (15)

where QuC] and Qe] are assumed to have the special form

QuCl = -Kuc"c Qej = -W (16)

in which KuC and K9 are 3 x 3 real symmetric positive definite
matrices. In fact, they can be assumed to be diagonal with real
positive elements. Introducing Eqs. (15) and (16) into Eqs.
(8a) we can write the "augmented Lagrange equations" for
uc and 0

Mcuc +PEf +KuCuc = QuC2 JO+HEt+KeO = Q$2

This permits us to write the "augmented state equation"

Iax+Gax=Xa

where

/„ =
M

0
.11
Ka \

(17)

(18)

(19)

and X =in which Ka = block-diag [KuC Ke KE],
[QuCjQLQ* '°rl T- This time> however» the matrix Ia is
positive definite instead of being only positive semidefinite.
Note that the magnitude of the elements of KuC and K9 can be
chosen such that the lowest natural frequencies of the
augmented system are sufficiently large so as to permit a
desirable control system bandwidth.

The separation of the vectors QuC and Qe into two parts
may appear like a mathematical artifice, but has in fact some
physical meaning. Indeed, the vectors QuCl and Q9l can be
regarded as representing the portion of the controls designed
primarily to control the rigid-body motions, whereas the
vectors QuC2> Qe2 > an<* Q$ represent the controls designed to
control the full state of the system, including any spillover
that may result from the application of QuC] and Q6j .

IV. The Eigenvalue Problem of the Open-Loop
Augmented System

For modal control, one must solve the eigenvalue problem
associated with Eq. (18). The eigenvalue problem can be
written in the form

M
-

0 Kn
(20)

which has pure imaginary eigenvalues Xr = ± /o>r
(/•=l,2,...,6 + /z) and complex conjugate eigenvectors
xr=yr + izr and xr=yr-izr. The eigenvalue problem, (Eq.
(20), is a special case of that for gyroscopic systems treated in
Ref. 17, obtained by setting the gyroscopic matrix equal to
zero; The eigenvectors yr and zr are orthogonal with respect
to the matrix 7a, and in some sense with respect to the matrix
Ga, and they can be normalized so as to satisfy17

where A'is the real modal matrix

X= [yi Zj y2 Z2... y6+n z6+n]

and

(22)

A = block-diag A r= block-diag
0

(23)

The eigenvalue problem, Eq. (20), is of order 2(6 + n) and
its solutions are complex. For nongyroscopic systems,
however, the problem can be reduced to one of order 6 + w
only, and one whose solutions are real. To show this, let us
introduce the notation xr — [x^v\ x*L ] r, where xrU and xrL are
the upper and lower halves of the vector jcr, respectively.
Then, the eigenvalue problem, Eq. (20), can be split into

\MxrU = - KaxrL \KaxrL = KaxrU (24a,b)

Recalling that Xr = /a>r, Eq. (24b) yields xrU = iurxrLJ so that
we obtain the (6 + n) x (6 + n) eigenvalue problem

u2
rMxrL=KaxrL (25)

where xrL are real. Of course, o>? are real. The solution of the
eigenvalue problem of order 6 + rt, Eq. (25), in conjunction
with xrU = iwrxrL, yields the solution of the eigenvalue
problem of the order 2(6 + «), Eq. (20). Indeed, the 2(6 + n)-
dimensional eigenvector xr has the form xr
= [i^fX^\xJL] T(r= l,2,...,6 + /i). To be consistent with Eqs.
(21), it is easy to verify that the (6 -I- A?) -dimensional eigen-
vectors xrL must satisfy the orthonormality relations

(26)

Recalling that the real and imaginary parts of the eigenvector
xr were denoted by yr and zr, respectively, it follows that for a
npngyroscopic system ,yr = [Or!*JJ randz r = [co rJC^L |O r] T
(r=l,2,,..,6 + w), so that the modal matrix, Eq. (22), takes
the form

X=
0

x2L *6+n,L

(27)

V. State Equations in Canonical Form
Let us now return to Eq. (18) and introduce the trans-

formation

(28)

where Xis the modal matrix given by Eq. (27). Inserting Eq.
(28) into Eq. (18), multiplying on the left by XT

9 and making
use of the orthonormality relations, Eqs. (21), we obtain

W

where

(29)

(30)

In view of the block-diagonal form of A, we conclude that
Eq. (29) represents a set of 6 + n modal equations of the form

XTIaX=l -XTGaX=A (21a,b) W (3D
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where

(32a,b)

are two-dimensional modal state and control vectors,
respectively.

Next, let us introduce the notation

(33)

where Qj and Q2, referred to here as first- and second-level
generalized controls, are given by
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Q 2

Then, recognizing that

and from Eqs. (2 la) and (30) that

Xa=IaXW

(34a,b)

(35)

(36)

we conclude that

(37)

For future reference, we wish to note the following relation

(38)

Considering Eq. (28) and the form of the modal matrix X, we
deduce that the coordinates £r and i\r are related to the
displacements and velocities, respectively.

VI. The Control Problem
From Eqs. (34b) and (35) we conclude that the control

vector Xa consists of three distinct parts, namely Quc2> Qo2>
and gf. The first can be regarded as controlling the orbital
motion i/c, the second the attitude motion 0, and the third the
elastic motion f of the augmented system. The latter is
sometimes referred to as shape control. It is clear from Eqs.
(8b) and (17) that the three control efforts are coupled and
that it is not possible to control one type of motion without
exciting another type. Hence, all three control efforts must
take place simultaneously.

The derivation of the generalized forces of Sec. II was
based on distributed forces. Actuators, however, operate at
discrete points. But, discrete forces can be treated as con-
tinuous by means of spatial Dirac delta functions. Indeed,
denoting the force amplitude at point P=P, by .Ff(t)9 the
distributed force can be written in the form

f(P,t)=Fi(t)d(P-Pi) (39)

where/?* denotes the number of forces. Similarly, if there are
s* concentrated torques with amplitudes My (0 acting at point
P=PJ9 we can write

m(P,n=Mj(t)d(P-Pj) (40)

Next, we wish to derive the relation between the generalized
force vector Q2 and the actual forces F, and torques My. To
this end, let us insert Eqs. (39) and (40) into Eqs. (6) and (10)
and obtain

uo =(J

= ( [FFi(t)d(P-Pi)+Mj(t)d(P-PJ)]dD
JD

£ S*

?</>/)*•, ( 0 + £ M y ( f )
/=/ j=i

r = f [*
vDg

= (
JD

(41)

1/2(Vx3>)TMj(t)5(P-Pj)]dD

rU"'«>
It will prove convenient to introduce the actual force vector
$=[MT\FT]T, where

M=[Mxl Mx2...

\Mzl M^...Mz(

My2...My(Sy+1)

(42a)

(42b)

in which (sx + l, sy + \, sz + l) and (px + 1, py + 1, pz + 1)
denote the number of components of torques and forces
acting in the x, y, and z directions, respectively. Note that
s* = 3 +^+5^+^ = 3+5, and p* = 3 +px +py +pz = 3 +p.
We shall assume that one of each set of thrusters and
torquers applying controls in a certain direction is located at
the center of mass of the spacecraft, while the rest are
distributed throughout the elastic domain of the spacecraft.
These control forces and torques located at the center of mass
are intended to have the maximum effect on the motion of the
center of mass. This leaves s and p torquers and
actuators to be located throughout the elastic domain of the
spacecraft. In view of this, we can make the form of the
vector 5^(0 more explicit by rearranging in the form
$2 (t) = [Fl\ Mg Mg FT

E] T, where subscripts C and E refer
to controls located at the center of mass and throughout the
elastic domains, respectively, and

MCy

with ME defined similarly. The control input vector $2 is thus
an Af-vector, where N= 6 + s+p. If some of the thrusters and
torquers are capable of applying controls in more than one
direction, then the total number NA of the control devices will
satisfy NA <N. We shall assume that to each component of
the input vector 5^(0 there corresponds a thruster or a
torquer, so that NA =N. Hence, in the sequel, the number of
thrusters and torquers will also denote the dimension of the
input vector.

The relation between the generalized force vector Q2 and
the actual force vector can be written as Q2 =B<52, where B is
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a (6 -I- n) x (6+s+p) matrix having the partitioned form

-'i/FC

6FC

uMC

'0MC &8FE

fFC B fMC

(44)

in which BeFC and BuMC are 3 x 3 null matrices, BuME is a 3 xs
null matrix, and BuFE and BeFE are the 3 xp matrices

or

or or

(45)

where Ij , etc., denote px-dimensional vectors with all
elements equal to unity, jcj = [x(Pt) x(P2)...x(Ppz) ], etc.,
and BeME is a 3X5 matrix similar to BuFE withzpxtpy)pz
replaced by sx,sytsz. If the force Fc and the torque Mc are
applied in a region for which there are no elastic defor-
mations, then we conclude from Eqs. (5), (7), and (10) that the
contributions of Fc and Mc to (?f are zero. Hence, assuming
that the spacecraft mass center lies in a rigid domain, such as a
rigid platform, we note that B^FC and B^MC are «x3 null
matrices. Moreover, B^ME is the n x s matrix

in which the submatrices are nxsx, nxsy, and n xsz, in that
order, and

] (47)

BfM and B^M are defined similarly with the cyclic per-
mutation of trie symbols x,y,z wherever they occur, and
$zty = d$z/dy, etc. Finally, B^FE is the n xp matrix given by

where the submatrices are n xpx, n xpy, and n xpz matrices,
respectively, and

with Bp and B^F obtained from Eq. (49) by replacing x by y
and z, respectively.

In the sequel, for simplicity, we shall assume that there are
no torques applied throughout the elastic domain of the
spacecraft, so that we can write

B =

1! 0

0! 1.__!_
0| 0

(50a,b)

VII. Independent Modal-Space Control
The basic idea of independent modal control is to design the

controls first in the modal state space, i.e., to design the
vector W such that the response of each pair of modal Eqs.
(31) is not affected by the response of other modes. The
control vector Xa on the coupled dynamics, Eq. (18), can then
be synthesized from W by means of the transformation Eq.
(36).

We shall assume that / pairs of modes of the system are to
be controlled and that the modal equations are arranged such
that the first / pairs of Eqs. (31) represent the modes to be
controlled. Two types of independent modal control schemes,
namely proportional and relay-type, on-off control, will be
discussed. These schemes were presented by these authors
earlier in Refs. 9,10, and 13 for gyroscopic systems.

A. Nonoptimal Proportional Control
Proportional control can be regarded as artificial viscous

damping. We shall take the modal control inputs Wr in the
form

Wr=[0 -
(51)

so that the solution of Eqs. (31) in conjunction with Eqs. (51)
can be shown to be decaying asymptotically.9 The closed-loop
eigenvalues are -fro>r ±/o>dr (r=7,2,...,/), where o>dr =
o > r ( l - f ? ) I / 2 . Equations (51) can be written in the more
compact form

0

where

0 - ... 0 -

(52)

(53)

Using Eq. (36), the control vector Q2 can be synthesized in the
form

(54)

where Xv is the upper-half of the modal matrix X. In-
troducing the first equation from each pair in Eqs. (31) into
Eq. (54), we obtain

(55)
5 = 7

It is not surprising to note that analogous results can be
obtained without transforming to the state-vector for-
mulation simply by considering the (n + 6)-dimensional
system

= Q'2 = -2 (56)
5 = 7

where SF2 is a (6 +p)-vector and B is a (6 + «) x (6+p)
matrix.

In the next section, we shall address the question of
determining the control vector $2(0. The method of ap-
proach has been proposed by these authors for gyroscopic
systems and is referred to as independent modal-space
control.9-13 We shall show that the method is also applicable
to a nongyroscopic system, as represented by a spacecraft
with no spinning parts.

B. Optimal Proportional Control
The control laws presented in the previous subsection were

not optimal in any sense. However, for various reasons, it
may be desirable to control the spacecraft while satisfying a
certain performance measure. One such performance measure
is known as quadratic performance measure. For control by
modal synthesis, a quadratic modal performance measure
Jr(r= I,...,/) can be defined for each mode independently of
the performance measures for any other mode, leading to a
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performance measure of the form

J=
r=I r=l

(57)

where wr satisfies Eqs. (31). The final time tf is assumed to be
fixed, the matrices Hr and Qr are positive semidefinite, and
Rr is positive definite. Choosing the matrix Qr as a 2 x 2 unit
matrix, the first term in the integrand can be interpreted as the
energy in the first / modes of the system, and the second term
corresponds to the control effort. The term associated with
the matrix Hr represents a penalty on the distance from the
origin of the modal space at ithe end of the control period.
Because each Jr is independent of the others,

min/= ]̂  min/,.
r=l

Assuming that the controls are not bounded and that
wr (tf) is free, and denoting optimal quantities by an asterisk,
the optimal control law has the form13

07(0 = -R-

where Er(t) satisfies the differential equation

(58)

Er(tf)=Hr (59)

Equation (59) is a 2x2 matrix Riccati equation for each
mode, and its solution can be obtained easily. The resulting
optimal gain matrix f} is time-dependent. Because W^r must
be zero, according to the second of Eqs. (32b), the weighting
matrix Rr will be assumed to be of the form
Rr = diag[<x> Rr2]. Then, from Eqs. (58), it follows that the
first row of the matrix./? is zero. The steady-state solution of
Eq. (59), defined by Er(t) = 0, is of special interest because it
leads to a constant gain matrix. It is shown in Ref. 13 that the
steady-state solution is

Eu = r2 ) 3/2 -2R2
2u2-Rr2]

(60)

Th^ transient solution of Eq. (59) is also given in Ref. 13 but,
for brevity, will not be presented here. The optimal modal
control law for the steady-state case has the form

II? (61)

The advantage of the performance measure in modal form,
as given by Eq. (57), is that it leads to second-order Riccati
equations, independently of the order of the system. This is a
significant advantage over coupled control methods which
yield Riccati equations equal in order to the order of the
dynamical system to be controlled. Solutions of the Riccati
equation of high-order suffer from problems of accuracy and
computational time.

C. On-Off Control
Proportional control has the disadvantage that it must

operate continuously. A scheme not suffering from this,
drawback is on-off control with deadband. This implies that
some low-amplitude oscillations can be tolerated. In this case,
the generalized control vector has the form

Q2 = (63)

where us are nonlinear functions of rjs (t) given explicitly by

(64)

where ds is a constant defining the deadband region. In-
troducing Eq. (63) into the second of Eqs. (37), we obtain

Wr=[0 urlur\T (65)

The solution of Eqs. (31) has been obtained in Ref. 9 for each
of the three intervals described in Eq. (64).

An application of on-off control to a gyroscopic system is
presented in Ref. 9, which also includes a phase-plane plot for
modal response. Noteworthy in that plot is the presence of
chattering, a phenomenon that can be expected in on-off
control.

Next, let us separate the controlled and uncontrolled modes
in Eq. (29) so that w= [w£ \ w%] T, where wc and WR denote
the controlled and uncontrolled (residual) modes, respec-
tively., Similarly, writing A = block-diag [Ac | A^] and using
Eq. (52), one has for proportional control

AC+KC i o
o i A* (66)

so that the independent modal-space control scheme for
nongyroscopic systems has the advantage that it causes ne
control spillover into the modeled uncontrolled modes of a
discretized dynamical system.

Finally, the actual control force vector S2(t) can be ob-
tained from Q2 through the inverse transformation $2 =
B~1Q2, which requires that B~l exist. Recalling the form of
the matrix B, Eq. (50a), and the form of the vector Q2, Eq.
(34b), it can be shown that

= H2Q2 (67a)

" 1
0

_ 0

0! t -

l i f/?£

— -j— - — — --
*J | •& t"FJ7

QuC2 '

Q02

Qt
which also uses the coordinate £r as feedback. Hence, the
optimal control law uses feedback of both displacements and
velocities, and it provides stiffening of the modes as well as
damping. The optimal control law W* in the matrix form can
again be written as in Eq. (52), but Kc this time will have the
form

r o o
Kc = block-diag

L fr21 f*r22
(62)

D =
BuFE

^BFE J

(67b)

The modal control laws can thus be realized uniquely
if and only if the matrix B^FE is a nonsingular square
matrix which implies that the number of actuators
located in the elastic domain of the spacecraft must be equal
to the number of elastic generalized coordinates. Considering
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Eqs. (35), (36), (52), and (67a), the actual control input for
proportional control has the linear state feedback form
$ 2 ( t ) = [H2\Q] IaXKw, in which for nonoptimal propor-
tional control A' is the diagonal gain matrix given by Eqs. (52)
and (53), having only / nonzero diagonal elements, and for
optimal control K is the block-diagonal gain matrix given by
Eqs. (52) and (62), which has only 21 nonzero elements. On the
other hand, for on-off control the vector fF2 (t) has the form

= [H2\0]IaX[0 UJ/MJ 0 0 0...0]T

(68)

Due to the nature of the inputs, M7,...,M/, as defined by Eq.
(64), $ 2 ( t ) will have the form of a staircase, representing a
linear combination of on-off functions. In the case of
nonlinear on-off control, even though a closed-loop relation
of the form of Eq. (66) cannot be written, the stability
characteristics of the modes of the system subjected to the
nonlinear staircase type <52 are known from the nature of the
solutions. In particular, while controlled modes are damped
out, the residual modes remain critically stable and no control
spillover into the residual modes exists. It must be emphasized
that without the decoupling procedure used here, the design of
a nonlinear control force $2 for coupled systems of high-
order is intractable. 18 Furthermore, even if a stabilizing
nonlinear $2 can be designed for certain modes, the stability
of the residual modes will in all likelihood be difficult to
prove.

Note that the preceding developments assume that the full
modal state vector is available through measurements, ob-
server estimations, or a combination of both. The modal
coordinates w r ( r=l , ...,/) can indeed be obtained by means
of a modal observer 12 without observation spillover from the
coordinates w r(r =/+!,...,« -I- 6). The results of Ref. 12 are
also verified by Balas19 by a different approach to the ob-
servation spillover problem. Although Ref. 12 presents its
results for a gyroscopic system, the modal observer design can
be extended to the special case of nongyroscopic systems
discussed here.

VIII. Numerical Example
As an illustration, a nonspinning flexible spacecraft was

considered (Fig. 1). The same configuratipn with a uniformly
spinning rotor, and hence representing a gyroscopic system,
was studied in Refs. 10, 12, and 13. The system represents a
nongyroscopic system, possessing six rigicl-body degrees of
freedom in the form of three translational and three
rotational degrees of freedom. The equations of motion of the
discretized system have the form of Eqs. (11) and (12). The
following parameters were used: m = 15,000.0 kg, A- 250.0
kg-m 2,5= 800.0 kg-m 2 , C = 1 ,200 kg-m 2

The elastic appendages were first modeled by the finite-
element technique. Then, the motion of the appendages was
simulated by using the cantilevered appendage modes as
admissible functions. In the expansion of Eq. (7), six ad-
missible functions were considered for each of the appendages
so that the total number of elastic degrees of freedom was
twelve; The vector f in Eq. (7) is therefore a 12-dimensional
vector, the first six components representing the first ap-
pendage and the last six components representing the second
appendage coordinates. The six elastic coordinates for each
appendage correspond to the first out-of -plane bending, first
in-plane bending, first torsional, second out-of -plane bend-
ing, second in-plane bending, and second torsional modes.
Because the cantilever appendage modes were used as
assumed functions, the stiffness matrix KE is diagonal.
Hence, the augmented stiffness matrix Ka is diagonal. The
full state vector of the spacecraft is 36-dimensional.

The system dynamics was augmented (Sec. II) by in-
troducing

1.0 1.2 1.5]xl04N/m

5.0 5.0]xl02N-m

Upon formation of the matrices M and Ka9 the 18th-order
eigenvalue problem of Eq. (25) was solved by the Jacobi
method. The modal matrix X was formed according to Eq.
(27) by using the eigenvectors of Eq. (25). For brevity, we
shall omit the eigensolution. Because in an eigensolution only
the lower estimated natural frequencies are reliable estimates
of the true natural frequencies and the higher natural
frequencies are poor estimates of the true natural frequencies,
an attempt was made to control only the modes corresponding
to the first nine natural frequencies (/=9), thus leading to 18
controlled modes and 18 residual modes in the control
problem formulation [Eq. (66)]. The pairs of modes to be
controlled represent the first antisymmetric in-plane bending,
first antisymmetric out-of-plane bending, first antisymmetric
bending in the xc-direction, first symmetric in-plane bending,
first symmetric out-of-plane bending, first antisymmetric
torsion, second symmetric out-of-plane bending, second
symmetric in-plane bending, and second antisymmetric in-
plane bending motions of the spacecraft. The spacecraft was
subjected to initial velocities, but to no initial displacements.

The control of the spacecraft was achieved by three force
actuators and three torquers located at the spacecraft center
of mass and applying forces along and torques about the
spacecraft axes xcyczc* In addition to these, six force ac-
tuators on each of the appendages were located an-
tisymmetrically for a total of 18 actuators. The location of
actuators on the elastic appendages is shown in Fig. 1. Ac-
tuators applying forces in the Redirection were located at
points 1-4, and actuators applying forces in the >>c-directiori
were located at points 3 and 4 on each appendage.

The actual spacecraft is acted upon by the first-level
controls applied at the mass center having the form
gr

/ = Qj = -KuCuc -Keue. This process leads to the
augmented spacecraft. The second-level control input vector
on the augmented spacecraft is 18-dimensional and has the
form

*2 = [FCx FCy FC, \MCx MCy MCz !FE1 FE2...FEI2] T

in which the pairs FE], FE2 and FE7, FE8 represent two pairs of
actuators applying forces in the >>c-direction on appendages 1
and 2, respectively (Fig. 1). Likewise, FE3, FE4, FE5, FE6 and
^E9» FEW* FEU> FEU represent four actuators each, eight in
total, applying forces in the zc-direction on appendages 1 and
2, respectively. With the choice of the locations for the
torquers and force actuators, the matrix B of Eq. (50b) is
computed to obtain the actual control input vector $ 2 ( t )
from the independent modal control inputs W(t), according
to Eq. (36). The total control, input vector acting on the
spacecraft is the sum of the first-level controls and the second-
level controls. With the choice of matrices KuC and Ke, the
first-level control input has been already determined so that
the main control design effort is the determination of the
second-level controls $2. Therefore, in the following, the
second-level control design is presented. Block-diagrams of
the control scheme are shown in Figs. 2 and 3.

The following parameters were used in the design of the
modal control laws discussed in Sec. VII.

2nd APPENDAGE
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Fig. 1 The flexible spacecraft.
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•AUGMENTED SPACECRAFT
0.75 r

Fig. 2 Block-diagram for dual-level control.

Fig. 3 a) Proportional modal-space control.

Fig. 3 b) On-off modal-space control.

A. Nonoptimal Proportional Control
The gain matrix Kc was chosen as

#c = diag[0 -0.6 0 -0.4 0 -0.4 0 -0.4 0 -0.4

0 -0.4 0 -0.4 0 -0.4 0 -0.4]

B. Optimal Proportional Control
The modal control input weighting sequence was

R12 =20.0, R22 =20.0, R32 = 10.0, R42 = 10.0, R52 = 10.0,

R62 = 15.0, R72 = 10.0, R82 = 15.0, R92 = 20.0

yielding the nonzero elements f}21 andf?22(r=\,...,9) of the
matrix Kc as

Ifi2i fin-f*92i f*922] = [ -0.03764 -0.31398 1-0.03276

-0.04881 -0.44454 1-0.02351 -0.36439 | -0.02479

C. On-Off Nonlinear Control
The deadband constants were

dj=d2=d6=0.001, </5=d¥=rf5=30.0,

</7=0.3, rf5=0.03, d9 = 0.005

Fig. 4 a) Translation of the mass center in the yc direction.
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Fig. 4 b) Rotation of the spacecraft about zc •

-PROPORTIONAL

. 4 c) First in-plane elastic coordinate of the first appendage.

and the modal control input constants were

kj =0.015^, Ar;=0.007c*2, Ar5=75.0co|,

k4 = 100.0o>3, ks = lOO.Oco j, k6 = 0.005cof ,

A comparison of the coordinates uCyt 63, and f2 associated
with the in-plane motion can be made for each type of control

-0.31453 ! -0.05910 -0.44330! -0.05246 -0.44391

-0.44653 1-0.01012 -0.36501 | -0.00754 -0.31614]

by means of Figs. 4a-4c. It should be noted from these plots
that the residual modes do not have any adverse effect, as one
should expect, because the designed independent mode
control laws do not permit their excitation. A comparison of
the nonoptimal proportional control and optimal propor-
tional control was made on the basis of the closed-loop
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Fig. 5 Actual second-level control force in the yc direction applied
at a) the mass center and b) point 3 of the first appendage.

eigenvalues (not shown here for brevity). The most significant
difference was noticed in the first mode (in-plane an-
tisymmetric), for which the nonoptimal control provides
faster damping. This effect is clearly seen in the plot of 63 vs t.
No significant differences in the other coordinates are ob-
served either, as the rest of the closed-loop poles for both
types of proportional control do not differ appreciably. The
corresponding diagonal elements of the matrix Kc are smaller
for the optimal proportional control than for the nonoptimal
control. However, by design, the optimal proportional
control has a nonzero off-diagonal gain for each block. It
should be pointed out that the efficiency of the control effort
depends on the choice of the diagonal elements of Kc for
nonoptimal control and on the weighting sequence Rr2
(r= I',...,9) for the optimal control. Because there is a large
measure of arbitrariness in this choice, either one of the two
control schemes can be made superior to the other. It should
be observed from Figs. 4a-4c that the on-off control scheme
can be successfully implemented to obtain desired responses,
and hence, effective controls. Indeed, the results compare
favorably with those produced by proportional controls. The
effectiveness of the on-off control scheme is even more vividly
illustrated in Figs. 5a and 5b, which show the actual force
input time histories for the force FCy applied at the spacecraft
mass center, and for the force FE1 applied by the actuator
located at position 3 on the first appendage tip in the Re-
direction. The comparative simplicity of the operation of the
on-off controllers, with no compromise in the system
response, can make them quite attractive for certain ap-
plications. It should also be observed from the Figs. 5a and 5b
that the areas under the force diagrams, which represent the
total impulses required for control, are practically the same as
for the proportional controls, thus suggesting that equal
amounts of control efforts are spent for both nonoptimal and
optimal controls. Again, for the example presented here, the
on-off control scheme compares favorably with the
proportional controls.

IX. Conclusions
An independent modal-space control scheme for the

control of positional, attitude, and elastic motions.for a
discretized model of a distributed-parameter flexible
spacecraft with ignorable coordinates is presented. The
control scheme consists of a dual-level control. The first-level
control is designed to restrain the ignorable coordinates
associated with the rigid-body motions. The net result is the
creation of a positive definite * 'augmented system." The
second-level control is designed in the modal space to control

the full state of the augmented spacecraft, including the
ignorable coordinates. The proposed independent modal-
space control scheme is demonstrated for nonoptimal and
optimal proportional controls, as well as for nonlinear, on-off
control. The approach developed here is particularly suitable
for high-order systems and is free of control spillover into the
uncontrolled (residual) modes of the truncated dynamical
model considered. Because the truncated model can be of very
high dimension, unmodeled residual modes have no practical
significance. A numerical example of a flexible dual-spin
spacecraft with a locked rotor is presented.
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